In vascular interventional surgery, the virtual reality simulation is indispensable for catheter-based operation system because it provide the surgeon of visual scene between catheter and vascular. However, most VR systems only present the vascular geometry model which indicates vascular is a rigid object. So as to display the deformation of vascular, it is necessary to consider the vascular physical model. Several previous work uses mass-spring method (MSM) to characterise the vascular but few mentions how to determine the spring coefficient which is critical to vascular shape change. Thus, the objective of this paper is to use vascular mechanical properties identified spring coefficient to simulate vascular deformation. Instead of setting it manually, we analyse the elasticity distribution on the vascular wall and identify spring coefficient by the analytical results. In this way, the spring coefficient varies with circumferential force along the vascular. After the stiffness matrix of MSM is derived, the vascular deformation is relevant to the vascular radius. The analytical results suggest that the vascular with large radius deforms less dramatically than that of small radius.
Introduction
In minimally invasive surgery, catheter-based operating system is widely studied to meet the requirement of vascular interventional surgery. Figure 1 displays the framework of the robotic catheter operating system designed by our lab (Guo et al., 2012a; Xiao et al., 2012 Xiao et al., , 2013 Ma et al., 2013) . The system consists of three parts: master side, slave side and virtual reality (VR) system. Surgeon at master side manipulates the catheter to move forward and backward or rotate. This control information is transmitted to slave side so as to let the catheter clamping structure drive the catheter inserting or rotating in patients vascular. Meanwhile, in order to realise the force feedback, the load cell and torque sensor in slave side are used for detect the friction between catheter and vessel and rotation information about catheter. Surgeon is able to feel the force after the information is feedback to master side. This master-slave system protects the surgeon from X-ray radiation. However, in the operation the catheter may contact the vascular or even worse piece the wall. To avoid such situation and enhance the surgeon skill, a patient-specific VR training system is developed shown in Figure 2 . Based on patients computed tomography (CT), the VR system is able to display the vascular three dimension model. When surgeon manipulates the catheter using master side equipment, the instructions transmit to VR environment and the catheter in VR environment moves in vascular 3D model Guo et al., 2012b) . This VR system is capable of providing surgeon visual sense. However, in real operation the collision between catheter tip and vascular wall is inevitable but the designed vascular geometrical model is unable to deform. Consequently, it is necessary to improve the VR system which not only displays the vascular but also considers the vascular physical model.
Recently, a number of researchers have investigated the vascular physical model and in their work the vessels are analysed as soft tissue. Generally speaking, there two approaches widely used for modelling the soft tissue: finite element method (FEM) and mass-spring method (MSM). FEM (Holzapfel et al., 2002; Garca et al., 2006 ) is motivated by the physical laws of solid mechanics and good at accurately computing complex deformation. But the overwhelming computation burden limits its application in the interactive real-time simulation. Compared with FEM, the alternative MSM (Chen et al., 2006; Johnson et al., 2011; Ye et al., 2010) , which utilises the spring connected nodes mesh to simulate the deformation, is relatively easy in computation. In MSM, since the spring mesh determines the soft tissue deformation the spring coefficient identification is critical parameters. But, little research has mentioned how to determine this important parameter which is usually set manually in previous literature. Though Deussen et al. (1995) have proposed an approach to select the mass, the appropriate way to identify the spring coefficient is not conducted. For this intention, it is necessary to find a method deciding the spring coefficient which can simulate the soft tissue deformation. The objective of this paper is using MSM to formulate the vascular physical model (Wang and Guo, 2014) . As the radius of vascular varies from cardiovascular to cerebral vascular, the mechanical properties of vascular are supposed to be different. Accordingly, the spring coefficient which is responsible for describe the vascular deformed state, should be determined by the vascular wall mechanical properties. Unlike work in Lloyd et al. (2007) , and Zhang et al. 2010) using FEM as a reference model for vessel artery wall to decide MSM parameters, in this paper, a physical model is derived from the elasticity theory to describe the behaviour of vascular, and then this mechanical properties is as a reference to approximate the spring coefficient and derive the stiffness of MSM. The experimental results suggest that the elasticity grows with vascular radius. These imply that when two segment vessels with different radius are imposed by the equal force, vessel with small radius inflates more dramatically. Therefore, the MSM-based vascular physical model is built which is capable of deforming according to its mechanical properties. The rest of this paper is organised as follows. Section 2 from the mechanical perspective analyses the elasticity of the vascular wall. Then based on vascular wall physical property, the spring coefficient of triangle mesh is determined and MSM-based vascular physical model is built in Section 3. In Section 4, the simulation results are presented. Finally, the conclusion and future work are discussed in Section 5.
Vascular wall elasticity analysis
In order to discuss the behaviour of vascular, in this section first we give the assumptions of vascular, and then based on this assumptions we analyse the stress in radial, circumferential and axis directions from the mechanical point of view.
Assumed condition
In the analysis, the vascular is treated as hollow tube. Since the vascular do not change its volume within physiological range of deformation, it can be regarded as incompressible material. Also, we assume this material is isotropic, which means the mechanical properties of the material are identical in all directions. The vascular cross section is assumed to be circle like Figure 3 . While its interior suffers pressure, the vascular inflates and the wall stretches in circumferential, radial and axis directions like 
Elasticity analysis
Since a segment vascular is treated as a tube, the elasticity analysis on the wall is a plane strain issue which means the strain in vascular axis is zero. When the vascular subjected to the internal pressure p 0 , deformation and stress in the wall are spherically symmetric. Thus a micro-element is picked up for analysis shown in Figure 4 , which is sector-shape in cross-section. According to the force analysis in sector shown in Figure 5 , the equilibrium equation in the radial direction can be written as
σ θ and σ r denote the stresses both in circumferential and radial directions. The equation (1) can be simplified as
There exists displacement w in radial direction when the vascular wall stretches. Thus, the circumferential strain ε θ and radial strain ε r are expressed as
Micro-element preserves its volume during deformation. This condition ensures the circumferential and radial stretch components λ θ , λ r satisfying the following equation.
According to equation (2), equation (3) and equation (4), the solution of circumferential and radial strain is Since the elasticity analysis on the vascular wall is treated as a plane strain issue, the relationship between the stress and strain of vascular wall cross-section is described by Hooke's law as
where E and v are Young's modulus and Poisson's ratio respectively. σ z denotes the stress in vascular axis. The solutions of circumferential, radial and axis stresses are derived as 2 1 2 2 2 2 1 2
where constants C 1 and C 2 are determined by boundary condition. It is assumed that the vascular is only subjected to the inner pressure p 0 which means the boundary condition is expressed by radial stress like
where R and δ are inner radius and wall thickness of vascular respectively. Since the distribution of stress along the radial, circumferential and axis direction are derived, for a piece of vascular unit with angle Δθ and same radius the average elasticity is written as
The average elasticity of vascular wall is as a reference to evaluate the spring force in MSM.
Mass-spring model formulation
The objective of this section is to use mass-spring model simulating the vascular physical model. First, we will use derived elasticity to determine the spring coefficient and then deduce MSM's stiffness.
Vascular centreline straightening
In the elasticity analysis section, a segment vascular is treated as straight tube. Considered the fact that the vascular is generally curved, it is necessary to straighten the vascular first. As the blood vessels are able to express by three-dimensional centreline path, it would be easy to straighten the vascular centreline as reference for mesh vertices. As Figure 6 is shown, the normal vector T of the start point's cross-section is set as the straight centreline reference direction for example. The set of centreline nodes is represented by {C 0 , …, C i , C i+1 , …, C N } since the centreline coordinates are discrete. When the arbitrary node C i position is set along the reference direction denoted as * , i C the next node C i+1 on straight centreline is determined by rotating the vector
parallel to normal vector T first and then moving it to * .
i C This process is expressed by following equation
where R(φ) is rotation matrix with angle φ shown in Figure 6 . A curved centreline with vertical cross-section in each discrete nodes is built in MATLAB as shown in Figure 7 . By using equation (10), nodes on curved centreline as well as cross-section is transformed into straight centreline.
Spring coefficient identification of MSM
The vascular surface is simulated by MSM triangle element which consists of nodes connected to each other by springs like Figure 8 . For a single spring (i, j) connecting nodes i and j in triangle element, the rest state refers to spring without elongation, which means the no deformation occurs to vascular wall. The positions of node i in rest and deformed states are denoted in cylindrical coordinate
where (θ, R, Z) represents the directions in circumference, radius and axis, respectively. Once the vascular is straightened, we use the above average elasticity of wall F = (F θ , F r , F z ) T to map the spring force shown as
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Figure 6 Curved vascular centreline straightening transformation (see online version for colours) Figure 7 Transform the curved centreline into straight in Z direction (see online version for colours)
As shown in Table 1 , circumferential force is larger than radial force and axis force for several magnitudes. Thus, it is reasonable to neglect the radial force and axis compared with circumferential force when varying the inner pressure applied on vascular wall. The results in Table 1 When external pressure imposes on vascular, the velocity of deformation is assumed to be low enough so that the mesh nodes reach equilibrium position instant. This assumption is acceptable because the catheter moves slowly in surgical procedure. Due to above stated, only the circumferential force is used to describe the vascular inflates. In other words, the spring elongation in MSM results from force F θ . The relationship between F θ are spring elongation is simplified as
In equation (13), spring coefficient k ij is relevant to the node deformed position, which results from the radial displacement w when vascular wall stretches. Based on elasticity analysis above, the deformed position of node i is updated by average displacement w i
Combined with equation (13) and equation (14), the spring coefficient between nodes (i, j) is determined.
Triangle meshed MSM model
Once the spring coefficient is identified, the next step is to deduce the stiffness of MSM under the global coordinate. The force f(ij) = (f(ij) x , f(ij) y , f(ij) z ) between nodes (i, j) under global coordinate is expressed by
where the position of node i is denoted as
l is the rest length of spring.
Assuming the spring is in static equilibrium, the stiffness matrix of spring (i, j) can be denoted
where the A ij is symmetric represented as ( )
In the above equation, the first derivative of f(ij) x with respect to x i is ( )
The first derivative of f(ij) x with respect to y i is
The first derivative of f(ij) x with respect to z i is
The derivatives of f(ij) y and f(ij) z with respect to x i , y i , z i can be calculated in the same way. Therefore, equation (17) is expressed as
Once the stiffness of spring (i, j) is derived, other spring stiffness matrices can be calculated in the same way. Finally, the stiffness matrix of triangle meshed MSM can by written by summing the stiffness matrices of other springs (i, k) and (j, k) in triangle element.
where the stiffness matrix is symmetric.
Simulation results
In this section, we will present the vascular elasticity analysis numerical results first and then combine with formulated mass-spring model to display the vascular model in VR simulation.
Numerical results of vascular elasticity analysis
A segment of vascular, which is of 5 mm length and 10% lumen rate, is picked up for the experiment. Meanwhile, its cross-section is divided into 60 pieces micro-elements and the vascular is subjected to inner pressure. Since the vascular is treated as impressible material, the Youngs modulus and Poisson ratio are set to E = 1.17 × 10 7 , v = 0.495, respectively. When the radius of vascular varies from 1 mm to 3 mm and the external force keeps constant, Figure 9 , Figure 10 and Figure 11 display the relationship between the forces and radius.
As Figure 9 , Figure 10 and Figure 11 are shown, forces in circumferential, radial and axis grow while the vascular radius increases. But compared with circumferential force, radial force and axis force are too little to neglect. The reason is that radial force and axis describe the stress accumulated in vascular wall which results in the wall to be thinner and longer. On the contrary, the circumferential force is responsible for vascular inflation. Since there is no displacement in axis and radial force is too small, it is reasonable to use circumferential force to describe spring deformation in MSM.
Besides, the results in Figure 9 indicate that when the vascular radius grows the vascular wall bears more force to response pressure. That means the stiffness of spring should be strong enough when utilises circumference force to approximate the spring coefficient. Figure 9 The relationship between the circumferential force and vascular radius (see online version for colours) Figure 10 The relationship between the radial force and vascular radius (see online version for colours)
Figure 11
The relationship between the axis force and vascular radius (see online version for colours) Figure 12 Relative derivation of circumferential stress (see online version for colours)
As the circumferential force is relevant to mass-spring model, it is necessary to prove the accuracy of derived circumferential stress. Thus, we formulated the vascular wall model in Anasys with same circumstance. When changing the vascular radius, the relative derivation between circumferential stress in Anasys and calculated from equation (7) is in Figure 12 . The results show that when vascular radius varies from 1 mm to 5 mm the relative derivation is less than 1% as Anasys for reference. When the vascular is under constant force, the relationship between circumferential stress with radius is depicted in Figure 13 . From the mechanical perspective, the vascular with larger radius tolerates more circumferential stress which indicates that the spring coefficient in MSM should be related with vascular radius. Figure 14 displays that the circumferential strain decreases with vascular radius. It explains the reason why vascular with large radius deforms less dramatically than vascular with small radius. According to equation (13), Figure 15 presents the spring coefficient of MSM with different vascular diameters. Overall, the spring coefficient is increase with the vascular radius. Since the spring coefficient determine the dynamic of MSM, it is no doubt that the simulated slender vascular physical model deforms more dramatically. The property of vascular MSM is in accordance with that of vascular mechanics.
Figure 15
The spring coefficient correspondence to inner pressure and vascular radius (see online version for colours)
Blood vascular physical model
In order to display the physical model of vascular, it is necessary to construct the vascular geometry model firstly.
In the experiment, two groups of CT files are used and these files are stored in DICOM format. The model reconstruction is carried out by open scene graph (OSG) programme and the information in DICOM files has to be output into OSG. Since the CT files have to be preprocessed to reduce the noise, the nonlinear median value filter algorithm is used by replacing each entry with median value of neighbour entries. After filtering the CT files, two groups CT files are compared to segment the vessel wall. Finally, the volume-rendering technology is utilised for construct the vascular three dimension geometry model shown in Figure 16 . From this geometry model, the vascular centreline information can be obtained like Table 2 , which columns segment and node stand for the number of vessel and discrete centre nodes on each segment vessel; X, Y, Z and R means the coordinates of nodes and radius of cross-section. Based on provided centreline information, we use MATLAB to display the centreline of vessels shown in Figure 17 . After each segment of vascular centreline is straightened, we can use above analytical results to identify the spring coefficient in each triangle mesh. According to above vascular geometry model, the surface meshed vascular physical is built in programme bullet, which is a physics engine concentrated on featuring the visual effect of soft body and 3D collision detection. The reconstructed physical model is presented in Figure 18 which simulates vascular surface by triangle mesh and each node is denoted by its coordinate, acceleration and velocity. The catheter inserts in the vascular is shown in Figure 19 . As the nodes are connected by spring, the internal force at each node is represented like
where N i denotes the neighbours of node i connected by spring. In the bullet, the simulated vascular is model by soft body object and its mechanical properties is related with parameter linear stiffness. Figure 20 shows how linear stiffness affects soft body deformation. When applied different external force on vascular, the Y axis denotes distance of deformed nodes deviate from free position. As it is shown, the node of large stiffness deviates less dramatically than node of small stiffness. Hence, based on the analysis stated in above sections the stiffness of vascular is set relative with its radius. Finally, the physical vascular model is realised where the vascular does not deform uniformly.
Conclusions
Formulation of vascular physical model is a very tough and significant task. In this paper, we adopt mass-spring model to simulate the vascular. As the vascular surface is discretised into spring connected triangle mesh, the vascular deformation is affected by spring. Considering that spring coefficient in MSM is closely related to vascular deformation, we intend to determine this important parameter by vascular mechanical properties instead of setting manually. Therefore, we first analyse elasticity distribution along the vascular wall in radial, circumferential and axis directions and results show that the three directional forces grow with vascular radius. These analytical results explain that vascular with large radius is able to bear more force and no doubt its deformation is less dramatically than vascular with small radius. According to experiments, the radial force and axis force are negligible to circumferential force so it is feasible to use the derived circumferential force as reference to identify the spring coefficient in MSM. Once the spring coefficient is determined, it is easy to deduce the stiffness matrix describing the vascular physical model. Finally, the MSM is realised according to the vascular wall mechanical properties.
In the future work, we will apply this vascular MSM model in the catheter operation VR training system. When the surgeon inserts the catheter, the VR system is able to display the catheter movement in vascular.
